Let P be an algebraic number field of finite degree and K a cyclic extension of prime degree / over P such that the number of ambigous elasses is equal to l 1 ). Moreover, assume that the absolute class field L of K is cyclic over K. (These notations will be used throughout this paper.) It is the aim of the present paper to investigate the arithmetical properties of the field L, in particular the structure of the absolute ideal class group $ L of L Our main theorem asserts that £ L is isomorphie to the Z-fold direct product of the absolute class group ffi ß of a certain subfield of L, if K\P is ramified, and to the /-fold direct product of a subgroup of index / of $? ß , if K\P is unramified.
§ 1. Preliminaries.
Let k be any algebraic number field of finite degree, and k 7 a cyclic extension of k. The number of ambigous elasses a k , /k of k'/k is given by the following formula: w k/k~ (k':k)(e:7V(0)) where A k = class number of k, e(p) = ramification exponent of prime divisor £. ($) runs over all the prime divisors of k.) e = units in k, 1 ) For an arbitrarily given P, K satisfying these conditions does not always exist. cf. § 3. È = elements of k' whose norms Í(È) = -/V k ' /k (0), are units in k.
We derive the following two theorems s special cases of (1 (In this paper, "k'/k is unramified" means that all the prime divisors in k including infinite prime divisors are unramified in k'.)
Proof. (This theorem has already been proved s "Satz l" in Moriya [3] , But we shall give here another proof by making use of the theory of norm residue.)
Let e be the number of the ramifying prime divisors of k. By the norm residue • / € k'/k \ theorem, a unit å in k is the norm of an element in k', if and only if l ----) == l for all / £ k'/k \ the prime divisors £ of k. Sinee l----J = l for unramified £, we have for e -l ramifying prime divisors ^1 ? . . ., p e _i. Henee the mapping defines a homomorphism from the unit group of k into an Abelian group ú â^ of type (/, ...,/) and (å : Í(È)') is the order of the factor group of the unit group of k by the kernel of this homomorphism. As this group is isomorphic to a subgroup of t e _ l7 (å :
Now let P, K, L be fields satisfying the assumptions of the introduction. By the criterion in Hasse [1] II § 5, L is a normal extension of P. Denote by ®, @, X the Galois groups of L/P, L/ K and K! P respectively. (S is generated by a Substitution ó of order q, where q = A k . As (i, q) = l 3 ), © contains a subgroup X = {ô} of order l and for the obvious reason we shall identify X with Ú. Thus the group © is perfectly determined by the transformation of ó by ô:
As for the structure of ©, we have Lemma 1. The centralizer of 5E coincides with £ itself.
*) ei Tannaka [7] . 8 ) For example see Moriya [2] .
Proof. This is an immediate consequence of Artin's reciprocity law. Let ó' be any element of @ and c' be the corresponding ideal class of K. Let Ù be the subfield of L belonging to the subgroup X. Denote by # k the character of ($ induced by the prineipal character of the subgroup of © belonging to an intermediate field k of Lj P. The result of this paper has an intimate connection with the following character relation, though we do not need this to prove the main theorem.
Taking account of lemma l, it is easily verified that this is a special case of a character relation given in Ishida [8] . (We can prove this lemma also by direct computation using lemma 2 and the definition of induced characters without difficulty.) § 2. Abelian groups with the operator domain ®.
Let $ be a multiplicative Abelian group which has the group © s operator domain. The identity of will be denoted by 1. Assume that the identity of & operates on s the identity mapping and that for ñ 1? ñ 2 
Let ñ be any element of order m of ©. For any element C of $ we shall call C 1 + e + '" + Q ™ ñ-norm of C and denote it by N Q C. Denote by ñ $ the subgroup of S! of all the elements whose ñ-norm is 1. We shall call an element of $, invariant by <p, ö-ambigous. Denote by ® ö the subgroup of $ of all the ö-ambigous elements.
The following two mutually dual theorems constitute algebraic part of the proof of the main theorem in § 3. Proof. Let C be in n ó -» Ô(Ô »Á. This means that (2) In order to carry out the computation smoothly we introduce the group ring 9i of © over the ring of rational integers, which is also an operator domain of £. The elements of 9Ú which map C to l form a right ideal Q in 9À. Thus (2) is transformed into
(mod 3).
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ôó^~"'*'~Ë / + · · · + ô er Proof. In fact f nti (X) can be expressed explicitly 4 ): (6) / M (JC) = Ó ÷Ì«-1 ****-«·*-·**. *!+··· +*i*tt~i ß,^Ï,.,.,^Ï We shall prove (6) by induction with respect to i . For i = l formula (6) is trivial. Suppose that it is proved for i = /. Then
ence (6) is true for i = j + l · All the assertions of the lemma follow directly from (6). q. e. d.
Proof of theorem 4. In fact we shall prove that, if C 1? . . ., (7,· (l ^ i ^ /) are elements of ßß ô such that (7) C^'-C?-
Ci must be the identity. With the notation of lemma 4 we obtain instead of (7) We shall now deal with the arithmetical stmcture of the field L/P. First suppose that KjP is unramified. Because of theorem 2 the assumption a KfP = l means that the class number of P is / and K is the absolute class field of P. In this case L is the second class field of P, and L/ is clearly unramified. Next consider the case where K!P is ramified. In this case, it is necessary for a KfP = l that h p = i (theorem 2). Because of lemma 2 the group © is constituted by the subgroup @, the subset {ô,..., ô 1 " 1 } and its conjugates. Hence every subgroup of @ of Order l is a conjugate of S, and every intermediate fieldÙ 1 of L/P such that (L : Ù') = / is conjugate to Ù. Now by our assumption, there exists a prime divisor of L with the ramification exponent L The inertia field of such a prime divisor must be conjugate to Ù (over P) and so L/ must be ramified.
Denote by Si k the absolute class group of a field k, and by k , /k the subgroup of $ k , of all the ambigous classes with respect to a cyclic extension k7k. Moreover denote by M and Ö^ the absolute class field of L and of Ù á% respectively. With these notations our main theorem is stated s follows: 
Corollary. Suppose that the absolute class field K of an algebraic number field P is cyclic and of prime degree l over P and that the absolute class field L of K is also cyclic 09er K. If the absolute class field M of L does not coincide with L, it is no longer cyclic over L. The Galois group of M/L is the direct product of l mutually isomorphic Abelian groups.
Now let us consider the case where K/P is ramified. h p = l was a necessary condition for a /J > = l . Put o = l if P contains a primitive l-ih root of unity, and o = 0 otherwise. As s 1 is the norm of e with respect to KjP for any unit å in P, we have
where r is the rank of the unit group of P. Thus we obtain another necessary condition for a KfP = l , that is (10) e ^ r + l + o.
In partieular, if h p = l and e = l, we have a KfP = l directly from (1). Now we consider the case where only one infinite prime divisor ramifies in K. (In this case l must be = 2.) Then, s -l cannot be the norm of any element in K, we have (å : N (è)} ^ 2. Hence from (1) and from theorem 2 it follows that at least one finite prime divisor must ramify in K, and that, if the number of such divisors is l, we have a KfP = h p . Therefore it is sufficient for a KjP = l that h p = l and that only one finite and at most one infinite prime divisors ramify in K. § 4. The structure of the unit group of the absolute class field.
As is well-known, we can deduce from the theory of Artin's L-series and from the residue formula of Dedekind's zeta-functions a relation between the class numbers and the regulators of intermediate fields of L/P. Applying the main theorem to this relation, we get some relations between the regulators of intermediate fields. This gives an interesting assertion on the structure of the unit group of L in the case where P is the rational number field Q and K is an imaginary quadratic field (theorem 5).
For any field k, denote by R k and w k the regulator and the number of the roots of unity in it respectively. Applying the formula (12) iji Kuroda [5] to the character relation of lemma 3, we have _ -~ú Î7*
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In the case where P =Q, K does not contain any root of unity except ± l 5 ), so does L neither. In this case, the quantity J defined in Brauer [6] is very easily obtained from the main theorem;
Now under the assumption that P =Q, (11) is simplified by the main theorem to
In partieular, for an imaginary quadratic field K we obtain In the case where h K = q = 3, theorem 5 means that we can take a System of Minkowski units s a System of fundamental units in L 6 ). § 5. Examples.
As an application of our result we shall give sorne numerieal examples of nonAbelian Galois fields of elass number 1. Throughout this section we shall take s the ground field the rational number field Q. Let L x be the Splitting field of the equation
As the discriminant of (15) is -23, (15) has one real and two imaginary roots, the Galois group of L! is isomorphic to the Symmetrie group of degree 3, and the imaginary quadratic field contained in Lj is K l =Q(^-23). Beeause the class number of K x = 3 and it is easily verified that L 1 /K l is unramified, L^ is just the absolute class field of K^. Let Ù ë be the real cubic subfield of L x . Every absolute elass of Ù 1 contains an integral ideal whose norm does not exceed J/23 = 4, . . .. As n* -n + l = (n -1) n(n + 1) + l -l (mod 6) for any rational integer n, both of (2) and (3) are prime ideals in Ù é and their norms exceed 5. Hence Ù é has the class number 1. Therefore the class number of L x is also equal to l because of the main theorem.
In the same way we can prove that the Splitting fields of the equations (15
have the class number 1. They are the absolute class fields of the quadratic fields K% =Q(J/-31) and K% =Q(}/-59) of class number 3 respectively. For example we shall prove that the real cubic subfield Ù ae of the Splitting field of (15') has the class number 1. Every absolute class of Ù% contains an integral ideal whose norm does not exceed ã 31 = 5,.... As # 3 + ÷ + l is irreducible modulo 2 and modulo 5, both of (2) and (5) Neither l-nor 2 -f + 2 is a unit in fi 2 , because none of their norms is equal to ± l. Hence the two prime divisors of 3 in £? 2 are principal ideals. Thus £? 2 in fact must have the class number 1.
Finally we shall give an example of a quadratic field whose absolute class field has the degree 3 and the class number larger than 1. Let M 4 be the Splitting field of the equation (16) <,4 + 2/ _ 1== o.
The discriminant of (16) The Galois group of L 4 is isomorphic to the Symmetrie group of degree 3 and L 4 is an unramified extension of the imaginary quadratic field K± = Q(J/-283). As the class number of K^ = 3, L 4 is the absolute class field of K±. We shall prove that M 4 / L 4 is also unramified 7 ), which implies that the class number of L 4 ^ 4. It suffices to prove that the prime 283 ramifies in M 4 with the ramification exponent 2. Let N 4 be the subfield of M 4 generated by one root of (16). As the discriminant of N 4 is clearly -283, prime ideal decomposition of 283 in N 4 must take form (283) = £ 2 q or (283) =p 2 qcf'. Anyhow a prime divisor of q in M 4 has the ramification exponent 2 with reference to N 4 , therefore with reference to Q. This completes our proof.
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